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THE L2-BOUNDEDNESS OF PSEUDODIFFERENTIAL OPERATORS
I. L. HWANG

ABSTRACT. We give a new proof of the Calderon-Vaillancourt theorem. We also
obtain the L?-continuity of a(x, D) if its symbol a(x,£) satisfies some suitable
conditions.

Introduction. We consider a pseudodifferential operator a(x, D) on an open set
Q C R". We want to find conditions on its symbol a(x, ¢) that imply the L?
continuity of a(x, D). Several results for this problem can be found in the literature.
We mention a few. The first is due to A. Calderon and R. Vaillancourt [1].

THEOREM. Let 0 < p <1 and a: R" X R" — C be a continuous function whose
derivatives Bfafa in the distribution sense satisfy the following condition:

(*) There is a constant C > 0 such that

|az8fa(x, )| < c(1 +]g])""*' 7",

where (x,§) € R" X R", 0 < |B| < 2[n/2]+nand 0 < |a| <
2m withm € N and m(1 — p) > 3n.

Then a(x, D) is continuous from L*>(R") to L*(R").

Coifman and Meyer [2] improved (*) by assuming that it holds for 0 < |aj,
|Bl < m, m € N and m > [n/2] + 1. Moreover, they gave an example that shows
m > [n/2] + 1 is the best possible. Kato [3], Kumano-go [4], R. Beals [5], Cordes [6]
and others obtained similar results by assuming (*) holds for different numbers of
derivatives.

In this work we prove several new results about the L? continuity of a(x, D)
when a(x, §{) and some of its derivatives satisfy conditions similar to the above
theorem.

§1 contains our results, and §2-§6 contain the proofs.

We use elementary tools such as integration by parts, the Fourier transform and
Parseval’s formula. "
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1. Statement of results.

THEOREM 1. Let @ =T17_,(s,, ;) be a bounded open box in R" and a: § X R" — C
a measurable function whose derivatives 0%a in the distribution sense satisfy the
following condition:
(11) There is a constant C > 0 such that ||05a|| ;=g g < C, where
a=(a,...,a,) € N" witha;=0 or 1.
Then a(x, D) is continuous from L*(R") to L*(Q) with its norm bounded by

C,(1 + max, _; (1, — sj))"/ZIIIalII, where C, is a constant depending only on n, and
llalll is the smallest C such that (1.1) holds.

An immediate consequence of Theorem 1 is the following well-known result.

COROLLARY 1.1. Let @ be a bounded open subset of R" and a: & X R" - C a
measurable function whose derivatives d%a in the distribution sense satisfy the following
condition:

(1.2) There is a constant C > 0 such that |13%lll1=@xr" < C,
’ where a = (ay,...,a,) € N" with a; = 0 or 1.

Then a(x, D) is continuous from L*>(R") to L2 ().

loc

THEOREM 2. Let a: R" X R" — C be a continuous function whose derivatives 93fa
in the distribution sense satisfy the following condition:

There is a constant C > 0 such that Illafafalllm(knxkn) < C,
(1.3) where o = (ay,...,a,), B=(B,....8,) € N" with a;=0
orl, B;=0orl

Then a(x, D) is continuous from L*(R™) to L*(R") with its norm bounded by C,|llalll,
where C, is a constant depending only on n and ||\all| is the smallest C such that (1.3)
holds.

REMARK. We mention that Theorem 2 is also obtained by Coifman and Meyer [2]
and by Cordes [6]. We include it because we need it for the proofs of the next results,
and because we believe our proof is simpler.

COROLLARY 2.1. Let a: R" X R" — C be a measurable function whose derivatives
dfa in the distribution sense satisfy the following condition:

(1.4) There is a constant C > 0 such that

2 1/2
sup (fR |0fa(x,¢)| d&) <C,

x€R"

where B = (By,...,B,) € N" with B; =0 or 1.

Then a(x, D) is continuous from L*(R™) to L*(R™) with its norm bounded by C,|llall,
where C, is a constant depending only on n, and |||alll is the smallest C such that (1.4)
holds.

REMARK. A different sufficient condition for Corollary 2.1 can be found in
Muramoto and Nagase [7].
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COROLLARY 2.2. Let a: R" X R" — C be a measurable function whose derivatives
0%a in the distribution sense satisfy the following condition:

(1.5) There is a constant C > 0 such that

1/2
sup (fR |aga(x,g)|2dx) <C,

¢eR”
where a = (ay,...,a,) € N" with a; = 0 or 1.
Then a(x, D) is continuous from L*>(R") to L*(R") with its norm bounded by C,||lalll,

where C, is a constant depending only on n, and ||\alll is the smallest C such that (1.5)
holds.

REMARK. A different sufficient condition for Corollary 2.2 can be found in
Hormander [8].

THEOREM 3. Let p € R, p <1, and a: R" X R" = C be a continuous function
whose derivatives a;afa in the distribution sense satisfy the following condition:

(1.6) There is a constant C > 0 such that
a lal=181
|acafa(x, £)| < C(1 +|g])? 1P,
where (x,£) € R" X R", a = (ay,...,a,), 8= (B-..-,8,)
€ N" with aj=0,lor 2, Bj=00r1.
Then a(x, D) is continuous from L*(R") to L*(R") with its norm bounded by

C, llall, where C, , is a constant depending only on p and n, and ||al|l is the smallest
C such that (1.6) holds.

REMARK. When -00 < p < 1, a different sufficient condition for Theorem 3 can
be found in R. Beals [5].

THEOREM 4. Let g,(§) = (log(1 + |§])~%, ¢t > 0. Suppose a: R" X R" > C is a
continuous function whose derivatives a;'afa in the distribution sense satisfy the
following condition:

(1.7) There is a constant C > 0 such that

a lal =181
[8efa(x,£)| < C(g,(6)(1 +1))" ",
where (x,§) € R" X R", a = (ay,...,a,), B=(B1.--,8,)
EN"with0<a;<[(4+1)/2t]+2and B; =0 or 1.
Then a(x, D) is continuous from L*>(R") to L*(R") with its norm bounded by C, ,|llalll,

where C, , is a constant depending only on t and n, and |||al|| is the smallest C such that
(1.7) holds.

THEOREM 5. Let p € R, p < 1. Suppose a: R X R — C is a continuous function
whose derivatives a:aga in the distribution sense satisfy the following condition:
(1.8) There is a constant C > 0 such that

|ocafa(x, )| < C(1 +1g])* ",
where (x,§)€ RX R, a=00r1, B=0o0r1.
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Then a(x, D) is continuous from L*(R) to L*(R) with its norm bounded by C,||\alll,
where C, is a constant depending only on p, and llalll in the smallest C such that (1.8)
holds.

COROLLARY 5.1. Ler g,(¢) = (log(1 + |£))) ", £ € R, t > 0. Suppose a: R X R —
C is a continuous function whose derivatives afafa in the distribution sense satisfy the
following condition:

(1.9) There is a constant C > 0 such that

a20fa(x,8)] < (g (6)(1 +1£1)" .
where (x,§)€ RX R, a, BE N and 0 < a <[(4 + 1)/2t]
+1, 8=0o0rl.

Then a(x, D) is continuous from L*(R) to L*(R) with its norm bounded by C|||alll,
where C, is a constant depending only on t, and |||alll in the smallest C such that (1.9)
holds.

2. Proof of Theorem 1. To prove Theorem 1, we need the following lemmas.

LEMMA 2.1. If f(§) = 1/(1 + i§), £ € R, then the Fourier transform of f is

3 0, t>0,
0 ={3

t <0.
PrROOF. Making use of the residue theorem, the reader can check it without
difficulty.
More generally, we have
LeMMmaA 2.2. If
n 1 .,
f(g)_-,].:[l1+—l§l" £=(£1,...,£n)ER,

then the Fourier transform of f is
7= 18,5,
j=

wheret = (t,,...,t,) € R" and

0, t.> 0,
g .(t ) = /
I 2me W, 1, <0.
In the following proposition we shall prove Theorem 1 in the special case n = 1
and under stronger conditions.

PROPOSITION 2.1. Let Q = (s,1), ~00 <5 <t < 00. Suppose a: 8 X R > C isa
continuous function whose derivatives d%a satisfy the following conditions:

(21) 3% € C%(2 X R), a = 0,1.

(2.2) There is a constant C > 0 such that ||07a|| ;»gxry < C, @ = 0, 1.

Then a(x, D) is continuous from L*(R) to L*(Q) with its norm bounded by Cglllalll,
where Cg, is a constant depending only on Q and ||\al|| is the smallest C such that (2.2)
holds.
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PROOF. Let 0 <e < 4(s—1¢) and @, = (s + &t — ¢). Our goal is to find the
existence of an absolute constant C, > 0 such that

la(x, D)u|r2@y< Co(l +1—s5— 25)1/2|l|a||| lullz2ry Vu € CP(R).

Then the proof of Proposition 2.1 follows by letting ¢ — 0.
For u € Cg°(R) we have

1, .
a(x, D)u(x) = 5 [ e™a(x.O)a(§) s, xeq.
Therefore, we have

[, 1a(x. Dyu(x)[ de
~ (5] [ [ [ e atx D@ atx )T dganan
N (%)79 fR fR ea(x, &+ N)a(¢ + N)a(x,A)a(X) dtd dx.

Because the integrand is in L'(2, X R X R), by Fubini’s theorem we have

(2.3) js; la(x, D)u(x) |2dx

=(21_W)2fRfR(/Q eita(x, £ + \)a(x, \) dx | (¢ + N)F(N) dgdA.

Making use of the identity

1
1+ i

(1 +8,)(e*t) = e,
we obtain

(2.4)

f e™a(x, &+ N)a(x,\)dx =
Q

€

: jigjﬂ ei*a(x, & + \)a(x,\) dx

e el e frNali—e )
1 i igei(”e)g“(s +eé+N)a(s+eA)
1 _1 i /9, e™%3 a(x, &+ N)a(x,\)dx
1 +l i fg e™fa(x,§ + X)d.a(x,\) dx.
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Substituting (2.4) into (2.3), we have
(2.5)

f la(x, D)u(x) |2dx
Q.

=(51’;)2/QF'[RfR1e:§i£a(x,§+)\)i:(§+>\)5(x,>\)174()\)d)\d£dx

2 i(1—e)¢
2L fR /R i ralt— e f+ Ma(g+ Malr - e, ) () dA d¢

f/ii(r:a(ﬁe,ﬁﬂx)ﬂ(ﬂ%)5(s+s,>\)§(>\)d>\dg
R YR

eix§ ) B i}
fgs /R fR T el E 4 Ma(e + M)a(x A)a(h) dh dédx

2 ix¢
% '/S.Z ./R fR 1e+ l.ga(x,ﬁ +N)a(E+N)da(x,N)a(N) dNdédx

=L+ L+ +1,+ L.

We first estimate /;.

(2.6) 11=(§17;)2f9 fRfRf:giga(x,g+}\)a($+A)ﬁ(x,}\)ﬂ(}\)dkdgdx.

For x fixed we study the following integral:

ix§ —
J1=LL1e+iga(x,§+)\)fl(g"‘}\)fl_(x»}\)i‘(}\)d}‘dg

= ng(g)h(s)da,

where g(¢) = e"*¢/(1 + i¢) and
h(t) = f a(x, £+ N)a(& + N)a(x, \)a(\) dA.
R

Looking at the expression of A(£) and taking into account that u € C;°(R) and
lla(x, )|l =&y < llall, we see that & is a kind of convolution of two functions both
belonging to L'(R) N L*(R). Therefore we have

(2.7) kisin L2(R),

and
(2.8) There is an absolute constant C; > 0 such that

2
L*(R).

A 2 2
Ihllzcry < Colla(x, ) [z=llullz2cry < Clllall®u
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Obviously, g is in L*(R). Making use of Parseval’s formula, (2.7), (2.8) and Lemma
2.1, we have

01 =|f s(©)ne) de| = 5| [ ela)h(a) da

1 . a
< ﬁ"g”w(m”h”u(m

< Glllall?] ullsz(R) for some absolute constant C,.
Now, going back to (2.6), we obtain
2
(29 151 < G(1 = 5 = 2¢)llalll* ul|2cr).

By similar arguments, we have the following estimates:
2
(2.10) 11,1 < Glllall*lullz2,
2
I | < Glllall|ull 2,

2
1| < Gyt = s = 2e)llalll*[ul 2cr)

and

2
|Is] < Gy(r = s — 2e)lllalll®l|u]z2r).
Thus, it follows from (2.5), (2.9) and (2.10) that
laCx, D)ullizay < Co(1 + ¢ = 5 = 26) “llall ull 2wy Yu € C(R),
where C; is an absolute constant. O

More generally, we have

PROPOSITION 2.2. Let @ =I1}_, (s;, ;) be a bounded open box in R". Suppose a:
@ X R" > C is a continuous function whose derivatives 0% satisfy the following
conditions:

(2.11) ae CO(R xR, a=(ap...,a,),a,=00rl.
(2.12) There is a constant C > 0 such that
l82a =@ x rmy < C, a=(a...,a,), a;=0o0rl.

Then a(x, D) is continuous from L*(R") to L*(Q) with its norm bounded by
C,(1 + max, _; . ,(¢; - sj))"/ZIIIaHI, where C, is a constant depending only on n, and
lalll is the smallest C such that (2.12) holds.

PrROOF. The proposition follows from Lemma 2.2 and an argument similar to the
proof of Proposition 2.1. O

Now, we are ready to prove Theorem 1.

PROOF OF THEOREM 1. We shall approach the symbol a by smooth symbols. Then
we shall apply Proposition 2.2.

Let ¢ be in C5°( R) such that the following conditions hold:

>0, supppC {-1<y<1} and |o|r@ =1
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If0 <& < gmin, _,_,(¢; — s;), then we define a, = A * a, where

1 n xj gj
e j=1 (p( € )(p( € ),

with x = (x1,...,x,), §=(§,...,§,) € R". We see that a, € C*(R" X R") and
lim,  ja.(x. &) = a(x,§)ae. in & X R". Moreover, hypothesis (1.1) gives

(2.14) [3ga, || =@, x&" < llall,

€0

(2.13) A(x,¢) =

where 0 < e < ey, @, =TI/_(s; +2,,1, — 2¢y) and a = (ay,...,@,) € N" with
a; = 0 or 1. By applying Proposition 2.2 to a,(x, D)u with u € Cg°(R"), we get for
0 < g S 60

n/2
(215) Jla.(x, D)ulia, < G1 = 4, + max (1, =) llallu

1<j<n

LX(R").
We now write

2
la.(x.D)ul g,

- (zl—ﬂ)z"fg [, [ e el )a)a,(x, ) a0 dndg dx.

€0

Then by the facts lim,_, ya, = a a.e. in @ X R", (2.14), & € S(R"), |2, | < oo, and
the Lebesgue dominated convergence theorem, we obtain

. 2
lim ||a,(x, D)ul 12,
e—0

27 em0

=( 1 )anim '/950 /Rn fR" exENg (x, £)i(£)a,(x, A)F(N) d dEdx

- (%)ng [ [ e Na(x, e)a(§)alx, \)(X) dA db dx

2
=lla(x, D)ull2cq,,.

This and (2.15) imply

n/2
la(x, D)ula, < C,,(l — dey+ max (1, - s,)) Nalll ]| 2r.

1</<n

Then Theorem 1 follows by letting ¢, — 0. O
PrOOF OF COROLLARY 1.1. Since any compact subset of £ can be covered by a
union of finite open boxes in §, Corollary 1.1 follows from Theorem 1. O

3. Proof of Theorem 2. To prove Theorem 2, we need the following crucial lemma
which is related to Wigner functions.

LEMMA 3.1. For u, ¢ € L*(R") we define

g(x§)= [ eo(x = )u(r) d,
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and
h(x €)= [ ep(E+y)u(y)dy,  (x.6) € R XR".

Then we have

n/2

lgllzzcrrxrmy = [ B ||L2RmxRmy = (27 ) ™ @l L2¢rmy || ]| £2¢R".

ProoF. Without loss of generality, we can assume that u, ¢ € C°(R"). Making
use of Parseval’s formula, we have

L] e olavae=(5-) [ [

By using the identity g(-, £)(a) = ¢(a)é(a + £) and Fubini’s theorem, we obtain

lgll2crmscrny = (27) ") @ll2amllull2crr.

The second equality follows from a similar argument as above and by integrating
with respect to £ first instead of x. O

PrROOF OF THEOREM 2. Without loss of generality, we can assume that the symbol
a is in C§°(R" X R") and its derivatives a;afa satisfy (1.3). Then for u € C§°(R")
and x € R", we have

(3.1) a(x,D)u(x) = (-2—1-7-7-)"/” j;" e’ Mg (x, &)u(y) dydé.

Making use of the identity

s=1 1+l(xs—ys s=1

we obtain

62) [ e almeya - [ (x| T sy )

s=1 1+ i(x )

where b(x, §) = (IT7-1(1 — 3 ))a(x, §)). Substituting (3.2) into (3.1), we have the
following crucial equality:

(3.3) a(x,D)u(x)

_ (%;)nj;” fﬂei(x—y)fb(x,g)( l':'[ —;T;—))u(y) dy d§.

Let v € C5°(R"™). By (3.3) and

o(x) = (2—)/R e (N) dA,
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we have

(3.4)
j;z" a(x, D)u(x)v(x)dx

5l L o L

X(‘;l_l[l 1 i(is — )u(y)f)(}\)dydgd}\dx

(L et

- L ))dx)e"-"gu(y)ﬁ()\)dyd&d)\.

X - - @
s=1 1+ i('xs - s

Integrating with respect to x first and making use of the identity

s=1

we get

65) [ e [T =)o

n 1
- (Fl—[l 1+i(&+A)

n

<[ e1x<g+>\)(s=]_[1(1 - 8x>\))(b(x,£)(s=l 1—+Tx——y)_)) -

LetT = {a € N"|a = (a,...,a,) and a;, = 0 or 1}. Then we have

(3.6) (g(l - ax,))(b(x 5)( I1 m))
- T (0"ar{o(x, 5)(1] m))

Substituting (3.6) into (3.5), we see that

(3.7) _/ e* ¢ Vp(x, ﬁ)(l_[ ﬁ)dx

-y ¥ (-1)""(F"l Tr(%ﬂ—))

aeT B<a s=1

X eix“s*}‘)af‘ﬁb(x,é)af(

— | dx.
R s=1 1+ i(x, —y‘))
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We derive from (3.4) and (3.7) that

(3.8) /R"a(x,D)u(x)v(x)dx

= £ S0 [ e )gale, h(x, ) v,

aeT B<ga

where

solx.6) = [ et [ |4,

1+1(x
and
ix - 1 PN
h(x,£)=fRne A(1:[l 1“(55“3))00\)&.

Applying Lemma (3.1) to gg, we get

2

R"

)

n/2
(39) ”gﬁ”Lz(R"xR") = (27) / (

“ 1
B
ax(sl]l 1+ ix

< 2m)" 7" ul 2w,

1,2
dx) [lal 2R

Similarly, we have

12
(3.10) 1 llz2rrx rry = (2”)n/2(fm ) o l22cam

=(27)"n

).
From (1.3), we see that

(3.11) 18275 | o rnc oy < 2"l
Thus, we derive from (3.8), (3.9), (3.10) and (3.11) that

‘ [ a(x. DYu(x)o(x) dx| < Gllall ullzcar
R’l

v]lL2r),

where u, v € C°(R") and C, is a constant depending only on n. O

PrROOF OF COROLLARY 2.1. Without loss of generality, we can assume that the
symbol a has compact support in R" X R” and that its derivatives dfa satisfy (1.4).
Then we approach the symbol a by the smooth symbols a, defined by a, = A, *a,
where 0 <& <1 and A, is as in (2.13). By the definition of a, and taking into
account that a € L?(R" X R"), we have the following properties:

(3.12) a, e CF(R" X R"),
(3.13) 32‘}) la, - all2rrxry =0
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and
1,2

2
(3.14)  sup (flafae(x,@l ds) <llall. B =(Bi....B,), B,=0or1.
YER
Let u € C°(R") and x € R". From (3.3), we have

(3.15) a.(x,D)u(x)

=(21_ﬂ)// (0 (x,§) (IJ ﬁ u(y) dyd,

where

n

b5, = [ T100 - 8)|(a,(x.8)).

s=1

Let v € C§°(R"™). Making use of (3.15), we write

(3.16) ‘[R" a,(x,D)u(x)v(x)dx

(277)[ / (x, €)v(x)

x(f ef<x_y)€( I1 —,1:ﬂ)u(y)dy) dx d§

s=1 1+ I(Xs

1 n
(3], [, et 0y anae,
Where g(x, g) = be(x» §)U(x), and
h(x,¢) = /;e" ei(x—_v)g( 1:[ W—))u(y)dy,

By (3.14) and

58 = | T10 - 3,)|(a(x.).
we see that

(3.17) lgllizcrrsrmy < 27Mllall o fle2crn.
According to Lemma (3.1), we have

1 1,2
5 dx) el 2¢rmy
+ X3

(3.18) 17022 ¢rex Ry = (2”)"/2(f" I

< (27) "ullezcrn.
Therefore, we derive from (3.16), (3.17) and (3.18) that

(3.19) / a,(x,D)u(x)v(x)dx|<2"llall||ullc2crm| v L2r"
R"

Yu,v e CQ(RY).
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Now, we are ready to prove the L>-boundedness of a(x, D). For u, v € C{(R"), we
write

L" a(x,D)u(x)v(x)dx = (%)"‘/;n ,/;,. e*a (x,&)a(&)v(x) dxds.

Making use of (3.13), we see that
(320) lim fR fR e¥éa (x, &) (£)v(x) dxdt

-/ jR e¥a(x,8)a(¢)v(x) dxdt,  u,ve CP(R").
Therefore we derive from (3.19) and (3.20) that

fRn a(x, D)u(x)v(x) dx

Thus

v||lz2rny Vu,v € CP(R").

< 2"lalll || u || z2crm)

la(x, D)ullizan < 2"Malll fullezs,  we CP(R"). O

PROOF OF COROLLARY 2.2. Without loss of generality, we can assume that the
symbol a € C§°(R" X R"™) and its derivatives d%a satisfy (1.5). If u, v € C°(R"),
we have

(3.21) /R a(x, D)u(x)v(x)dx = (%)L(/R eixea(x,g)a(g)dg)v(x)dx
_ (%)/R(/R e”“fa(x,g)v(x)dx)z‘l(g)d£

= [ s(®)i(e) ds,
where
8(6) = (%)fk e"a(x, £)o(x) dx.

It follows from Corollary (2.1) that

(3:22) gl < @m) " 2"llalll | 8]l 2any = (27) 22"l || [l z2re.
From (3.21) and (3.22), we have

j;a" a(x,D)u(x)v(x)dx

Thus

<l gllezrmllilizzrn < 2" Malll ||| z2crml| v || 22(rR7).

la(x, D)ul2rny < 27Wlallllull2rm,  we CP(R™). O

4. Proof of Theorem 3. The case p = 0 has been proved in Theorem 2. It remains
to prove the theorem for the cases —00 < p < 1, p # 0. Throughout this section, we
denote a constant depending only on p and n by C, ,, which may vary from time to

time. We may assume that a is in C°(R" X R") and its derivatives 929fa satisfy
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(1.6) for some -0 < p <1, p # 0. Making use of the partition of unity in [2] i.e.
there exist ¢,, ¢ € C°(R") such that

1 ~ - : -/ n
suppq)Q{g <|£|<1} and ¢, + Zq)jEl w1th<pj(g)=q)(2 g), £ € R",

j=0
we write
a(x,8) = go(&)a(x, ) + X g(é)a(x,¢)
Jj=0
=by(x, &)+ X a/(x.£), (x,§) €R"XR"
j=0
Then

oC
a(x,D)u=by(x,D)u+ Y a,(x,D)u, ue CP(R").
j=0
It follows from Corollary 2.1 that by(x, D) and ay(x, D) are continuous from
L*(R") to L*(R"™) with their norms bounded by p,,lllalll Therefore we shall
concentrate on estimating X, a,(x, D)u. Since the symbol a is in C5°(R" X R"),
we obtain

i a,(x,D)u, il a(x,D)u| = ;\i (a»,.(x,D)u,a,‘,(x,D)u),
j=1 j= jok=1

ue CyP(R").
We shall give several lemmas to study the behavior of (a,(x, D)u, a;(x, D)u). Then
we shall see that Theorem 3 follows from these lemmas.

LEMMA 4.1. Letj € N — {0} and E; = {£ € R"|2//3 < |§| < 2/}. Then
”aj(x’ D)u”LZ(R") < G, Mlalllfla |z, u€ CP(R").
PROOF. Since suppa(x, -) C E; and
0 (e D)u(x) = (55 ) [ eale )it s, xe R ue Gr(RY).
2w ) Jpn

it suffices to show the following property:
(4.1) la;(x, D)ul|2pr, < G, Malllill2ey, &€ CF(E)).
Let v € C§°(R™). Then

[, a/(x. D)u(x)o(x)d =(2w)// 0, (x. £)i(£)v(x) dedx

= (E) /" /n e"gaj(2‘j”x,2j"£) (2708 ) v(2-Px ) di dx.

where the last equality is obtained by the change of variables x — 27/°x, § — 2/°¢.
By the hypothesis (1.6), we have

aaf( 2 ey, 2/9&)) C,.
where (x,£) € R" X R", j> 1, and a = (a;,...,a,), B=(By,....B,) € N" with
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a, = 0or1and B, = 0or 1. So by the proof of Theorem 2, we have

fR” a;(x, D)u(x)o(x)dx| < C, Malll||il 2| vll2crm,

which implies (4.1). O

Lemma 4.1 implies the following lemma for which we omit the proof.

LEMMA 42. Ifs € N — {0} andj, k > 1, then

2
Y la,(x,D)u,a(x,D)u)| < s*C, Mall*|ul2zny Vue CP(R™).
—k|<s

The following lemmas describe the properties of (a (x, D)u, a;(x, D)u), when
|j — k| is large.

LemMmA 4.3. If 0 < p < 1, then we have

|(a;(x, D)u, a,(x, D)v)| < G, Mall*27%2- k5] it 2l 6 20,

whereu,v € C°(R"), j,k>1;|j—k|>4dande,= (1 — p)/4

PROOF. Since supp a;(x, -) and supp a,(x, -) are contained in E; and E, respec-
tively, it suffices to show the following property:

42)  [(a;(x, D)u,ay(x, D)v)| < G, Mall*277%27 %] k| 8 |20,

where @& € C°(E)), 0 € CP(E,), Jj, k>1, |j—k|>4 and ¢,=( - p)/4
Without loss of generality, we can assume that j > k + 4. Then we write

(4.3) (aj(x, D)u,a,(x,D)v)

N (%)Z"fn [ [ e Na,(x, )a(£),(x, N)B(X) dh dt dx

- (%)z"ypn/ [ [ €6 Na (27nx, 2008 (20

Xa,(27°x,2/°¢) 5(2°PN) dA d¢ dx,
where the last equality comes from the change of variables x — 27/?x, ¢ — 2/°¢ and
A - 27PN,

In the last integral, we integrate with respect to x first. By using the following
identity:

(ﬁ _1—)( f] (1+ axx))(eme—x)) _ N

s=1 1+i(£;_>\s) s=1
we write

(4.4).

f" e"x(i—">aj(2'/”x,2f"$)c7k(2‘f"x,2f")\) dx

x¥yY ¥ (-1)""f e MENga=B( g (27px,29°¢) )88 (a, (27 x,27N)) dx,
e

a€T B<a
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where T = {a € N"|a = (ay,...,a,) with a, =0 or 1}. Substituting (4.4) into
(4.3), we obtain

45)  (a,(x.D)u,ay(x, D)v) = (51;)2"2,,," Y ¥ (),

aeT B<a

where

(4.6) lap= /n f,. ,/" eiX(g_l\)a:_B(a/(z_ij,2jp§))3f(5k(2"f"x,2f"}\))

- 1 ~(27PEN 5 (2 7P
X(L_[l m)u@j {:)0(2/ A) d\dédx.

Let (¢) = 21(2/°¢), £ € R". Then
(4.7) 28)= [ eg(y)dy.
.

Substituting (4.7) into (4.6), integrating with respect to £ first and making use of the
following identity:

-1 L+i(x,—y,)

s=1
We obtain
(4.8) =Y Ty
yET 8<¥y
where

(49) Jop,s= f f /f e/ EYy=83a=F(g (27iex,20¢))
. 1 —ixA
(D 1+1(£ X ))(H 1+ i(x, - ))g(y)e
x9£(a,(27/°x,27°X)) 5(27°\) dy d A d¢ dx
=fR [ ay0zR(a,(27%x,27)) G (x, §) Hy o(x, ) dx d,
-
with

@ 6= [ e I e o

Vs

and

(4.11) Hp,.s(%ﬁ):/ e " 3P(a,(27%x,27°\))
R”

x3f ( ]:[ Tﬁ)é(zm)dx.
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By (4.5) and (4.8) we have

(aj(x,D)u,ak(x,D)v)=(%)2"2”"Z )IRED DD DN (5§ LAY AP

aeT yeT B<a 8<y
Therefore, (4.2) follows by showing that
(4.12) [ap.v.0| < 27°7C, MalliP27%27 < a2k | 0]l 2o,
where o, y € T, B < o, 6 < yand ¢, = (1 — p)/4. By Lemma 3.1 and (4.7), we get
(4.13) |G ll2rrx rry = w"/2279P772|| 1 || L2(E)).
By the hypothesis (1.6), we have
(4.18) [0y ~2ds=F(a;(277x,27¢)) | < C, ,Mlall

for(x,§) € R" X R", a,B,v,6 € Tand B < a,d8 < 7.

It remains to estimate || Hg s|| ;2 g"x z7y- (4.11) can be written as

Hyo(x,8) = [ &7 28 (afa,)(27x,2N)

X9 ——|5(27°
‘(D 1+z(g Y ))”(2 A)dh

= [ emixhamlBl(afg, ) (20x, 27N ) he(A) dA,
where

L E— YL
he(N) = (IJ TF i, _}\))u(z A).
We first estimate || Hg 5(-, £)|| 12(rny, SO let w € Cg°(R"), then
'[R" Hg 5(x, &)w(x) dx
=f f e~ A PlBI(9f7, ) (27px, 2PN ) h(N) - w(x) d\ dx

= f f" e—ixkz—jplﬁl(afak)(2—kpx,2kp)‘)

Xhp (20PN w(2UPx) dX dx.
By (1.6) and by the assumption that j > k + 4, we have
00f((0%a,) (2 x,2%))) | < G, llalll
where (x, \) € R" X R"and o/, B',B € T.

Thus, we derive from Theorem 2 that

l./;,, HB,S(-x, €)W(x) dx| <

2-JelBl

C, Mall () || 2z

wl2rm, w e CP(R"),
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which implies
2

fR" |Hy o(x.8) dx < C, | 5(2°\)|" dA.

o 11

T))

Then we have

(4.15) sz (fR |Hﬁ‘5(x,£)!2a’x) dg

<Gullall*f (f ae( Il ﬁh)

Since § = (8,,...,8,) € T, we see that

8 n 1
ag(ﬂ 1+i(5x—m)

Then an elementary calculation gives

1
4.17) j;‘fpk; E 1+(8 -1,

2

5(27°\) Izd}\) dg

(4.16) \.£ € R".

}:I (5—A)2’

d¢ < 28n?pm2-10 -0,

for A€ 27/PE, and j > k + 4.
Thus, it follows from (4.15), (4.16), (4.17) and Fubini’s theorem that
1,2

(4.18) (-[2-/95, /R" !Hﬁ.s(x,§)|2dxd5 < G, Mlall2=7a=e272-2n/2) | 12, .
By (4.9), and the fact that suppa,(x, ) C E;, we obtain
419) g5l < Cllall|Gllerxa-mey| H |l 12( R* X 27 7E,).
Thus (4.12) follows from (4.13), (4.18) and (4.19). O
LEMMA 4.4. If —c0 < p < 0, then
|(a,(x, DYu, a,(x, D)v)| < C, Malll?2-742- /|12 812,
where u,v € C§(R"), j,k>land |j — k| > 4

PROOF. Without loss of generality, we can assume that it € C°(E ), b€ CP(EY)
and j > k + 4. Then

(aj(x, D)u,a,(x,D)v)

()L e (), (5 ) an dtd

2n
- (E) ka"/ n /I /n iX(g_A)aj(z_kpx’2kp£)a(2kp£)
X, (27%0x, 2%\ ) 5 (2% N) dA dg dx,
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where the last equality comes from change of variables x — 27%Px, ¢ — 2keg,
A — 2k°A. We will use a technique similar to the proof of Lemma 4.3, but we
integrate with respect to A instead of integrating with respect to £ Then the lemma
follows by using the inequality

n
/ 11 ———1—2 d\ < 28n%gn . 27/%ke for ¢ e 2"""Ej. a
rE =1 4]g - A

Thus, Theorem 3 follows from Lemmas 4.1, 4.2, 4.3, and 4.4.

5. Proof of Theorem 4. By using the same partition of unity as in §4, we have

a(x,D)u(x) = by(x,D)u(x) + io a,(x,D)u(x), forue C(R").

By Corollary 2.1, it suffices to estimate |[Xsa;(x, D)ul|;2gny With u € Cg°(R").
We write
2

i a,(x,D)u

= i (aj(x, D)u,a,(x, D)u).
Jj=5 k=

5

LY R

The only difficulty in estimating |(a;(x, D)u, a,(x, D)u)| occurs when |j — k| is
large. We give a lemma to handle this case.

LEMMA 5.1. Ifj,k > 5and |j — k| > 4, then
(a,(x, D)u,a,(x, D)v)| < G, Mall% =k =4l a| 2| 0|2k,

where u,v € C°(R"), &, > 0 a constant depending only on t and C, , is a constant
depending only on n and t.

PrOOF. Without loss of generality, we can assume that j > k + 4, &t € C°(E))
and € C°(E,). Then

(aj(x, D)u,a;(x,D)v)

- (51;) [ [ [ e Nay(x, £)a(£) @, (x,A)5(X) dA dg dx

1 2n n L . . . N
=(3g) G [ [ (2, 2 ad2)
xa,(j27/x, j2/N)5(~2/\) d\ d¢ dx,

where the last equality comes from the change of variables x — j'27/x, ¢ — j~2/¢,
A — j72/X. Integrating with respect to x first and making use of the following
identity:

N e L ey

s=1 s=1
with 7 = [—(4 hi ’)] +1,
2t
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we have

(aj(x, D)u,a,(x,D)v)

“(5) G E 0™ © ctupn,
where
T={aeN"a=(a,..., a,)and @, = 0or1},
and

Ia.B= /” f"f" ix(§- A)ara B( ( 127 Ux, j_'zjg)) I____I m

X 0B(a, (j27/x, j~2N))a(j~"278)b(j~"2/\) dX dé dx.

Then the lemma follows by an argument similar to the proof of Lemma (4.3) and by
the following fact:

Ifj>k+4,r=[@+1)/2t]+1l,e=r— (4 +1t)/2tand 6§ = (6,,.
with 8j = Qor 1, then

J

§,)EN"

-5 0y

2
dg C r2n -4-2et for A Ej’z_/Ek’

u 1
8
‘(Dl L+ i(k, - M)’)
where C, is a constant depending only on n. O
REMARK. Let @, ¢ be two positive functions defined on R” X R". We say a is in

the Beals-Fefferman class S o if @€ CP(R" X R") and there exists a constant
C,.p > 0 such that

8208a(x, £) | < Cup(®(x, )" (@(x,£)7",
for (x,£) € R" X R", a, BE N".

In HOrmander [8], it is proved that a(x, D) is continuous from L*(R") to L*(R") if
ac S§° » and @, ¢ satisfy the following conditions:
1) There exists g, > 0, C;, > 0 such that if (x, §), (y,n) € R" X R" and

lx =yl , 1&=n]
p(x,6)  o(x.5)
then
Y - ¢ 9
CO“<%<C0 and C0‘<%z—;<c

(2) (x,€) - p(x,§) > 1, for (x,§) € R" X R".
(3) There exist C > 0, ¢t > 0 such that
o(r.,n) . 2(y.n)
p(x,§)  @(x.§)

< C(1+0(x,8)|x - y| + o(x,£)1E - nl)".

for (x,¢),(y,n) € R" X R".
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We now construct a symbol a, which is in C*(R X R) and satisfies the following
condition:
For any a, B € N, there exists a constant C, 5 > 0 such that

029fa(x, )] < C.p((1 + 181} (10g(1 +1¢)™) " "

(x,€) € R X R. Suppose such an a exists. Then by Theorem 4, a(x, D) is

continuous from L*(R) to L*(R). Also, we can see that a, € S90, with ®y(x, £)

= (1 + |£D(log(1 + |£))" and @o(x, €)= (1 + |£)'log(1 + |¢]), which can not
satisfy (3). Therefore (1), (2) and (3) are not the necessary conditions for the L2
continuity.

Construction of a,. Let ¢ € C;°(R) such that ¢ > 0, ¢(0) = 1 and supp® C {|§|
< 1}. We define

ag(x.8) = ¥ e ¥p(j27(¢ - 2)),  (x.8) € RXR.
j=4

Then a, satisfy the condition that we want.

6. Proof of Theorem 5. We denote a constant depending only on p by C,, which
may vary from time to time. At first, we prove the following lemma.

LEMMA 6.1. If 0 < p < 1, then
|(a,(x. D)u, a,(x, D)o) | < Grrw2 sl alleel|oll2cs,
whereu, v € Cg°(R), j, k> 1,|j—k|>4ande,= (1 - p)/4

PRrOOF. By following the proof of Lemma 4.3, we have

(aj(x,D)u,ak(x,D)v) = (-2};)2219 Y X (),

a€T B<a

where T = {0,1} and
Ia.B=_/ / f e""“_)‘)af_ﬁ(aj(fj"x,2”’&))
R R YR

Xaf(ﬁk(Z‘f"x,Zf")\))( 1

————— |u(27°£) (27PN ) dA .
1+i($_)\))u( £)5(27PN) dN\ dédx
By the proof of Lemma 4.3, we have

[1,0| < C,277%27%%| it 2(E)|| 8 ||22E) Witha = O or 1.

To estimate I,;, we use a technique similar to the proof of Lemma 4.3, but we
integrate with respect to A instead of £&. O
We state the following results and omit their proofs.

LEMMA 6.2. If -0 < p < 0, then
I(aj(x, D)u,a,(x, D)v)l < G2 K i el 6|2k,

where u,v € C°(R), j,k > land |j — k| = 4.
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Theorem 5 follows from Lemmas 4.1, 4.2, 6.1, and 6.2.
By using arguments similar to the proofs of Theorem 4 and Theorem 5, we obtain
Corollary 5.1.
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